Abstract. Two transformations for accelerating the convergence of infinite A/-dimensional series are presented. They are generalizations of Shanks' e-transformation and Levin's one-dimensional transformations, respectively.
1.
Introduction. There exists a large number ol methods for accelerating convergence of series and sequences. Some of the most important ones are the e-transformation of Shanks [8] , the ^-algorithm of Brezinski [2] and the transformations of Levin [7] . These methods are all transformations of one-dimensional series, but extensions by Streit [9] , Chisholm [3] , and Levin [6] deal with two-dimensional and M-dimensional series.
We will here present two new transformations for accelerating convergence of M-dimensional series. The first is an extension of Shanks' »»-transformation and the second of Levin's one-dimensional transformations.
A short review of Streit's, Chisholm's and Levin's two-dimensional transformations is given in Section 2, and the new transformations are presented in Sections 3 and 4. Sections 5 and 6 contain numerical examples where the new methods are compared with Levin's transformation.
2. A Review of Streit's, Chisholm's and Levin's 2-Dimensional Transformations.The e-transformation by Shanks [8] is generalized by Streit [9] to two dimensions, but the generalization only includes the first order e-transformation. Generalizations of the higher order e-transformations are given by Levin [6] and generalizations of Padé approximants [1] by Chisholm [3] .
Chisholm defines in [3] rational approximations to a function of two variables given by a power series 00 00 (2.1) fix,y)= 2 lcijXy. The approximants have the form Chisholm and McEwan [4] . Two-dimensional approximants with different maximum powers in numerator and denominator are defined by Graves-Morris, Hughes-Jones and Makinson [5] .
Another transformation of M-dimensional series is given by Levin [6] . It has the property that it sums series exactly whose terms satisfy a linear difference equation.
The Shanks e-transformation [8] has the same property for one-dimensional series, and Levin's transformation is in that sense a generalization of Shanks' transformation. Levin where £2 is the approximation to the sum, and (2.5) Asl= 2 a,j, B={(i,j)\0<i<sotO<j^t).
The transformation is in Levin's notation denoted by
where m and k are parameters that define the sets R and S.
(2.7) S = {is, t)\ m -k ^s < wand m -k *£ t<m), R = {(;', j)\ r -m < i < r + k -m and r -m<j <r + k -m)\{(r + t -m,r + t -m)}.
It is seen that calculation of (2.5) involves infinite one-dimensional sums, which are determined by ordinary Padé approximants. The first parameter n in (2.6) is the order of the [n/n] Padé approximant used.
3. A Generalization of Shanks' Transformation. A necessary and sufficient condition that Shanks' e-transformation [8] gives the exact limit of a sequence A", is that An satisfy a linear difference equation of the form
where A is the limit of An and y0,...,yk are constants. The transformation has the property of eliminating exponential transients from the sequence, which follows from the fact that any sequence of the form An = A+2c,q? (î,*0,l) / i satisfies (3.1). The e-transformation can therefore determine the exact limit A of (3.2) from a finite number of values An for both convergent (|»7,|< 1) and divergent (|»7,|> 1) sequences.
In the following we will generalize the equation (3.1) to M-dimensions and define a transformation that determines the exact limit of sequences that satisfies the generalized form of (3.1). We have considered it instructive first to generalize (3.2) to show that the Mth-order transformation also has the property of eliminating exponential transients. The Mth order equivalent to (3.2) is the sequence by inserting (3.7). We define another set E of pairs of integer numbers. The set contains k + 1 elements, which are ordered by the functions <i>x(i) and <?2(i), so that It is seen that calculation of (3.27) involves infinite (A/ -1 )-dimensional sums.
4. A Generalization of Levin's One-Dimensional Transformations. We start with a derivation of the one-dimensional transformations of Levin [7] . The derivation is different from that in [7] and is included because it explains how the transformations work and therefore facilitates the generalization to M dimensions.
For the one-dimensional series which is equivalent to (4.6) A"^A-R,lc0
By inserting values of An and Rn into (4.6) we obtain a system of equations which can be solved for the constant A giving an approximate value of the sum (4.1). This is the general form of the one-dimensional transformations suggested by Levin in [7] , where also three suggestions for the choice of Rn are given, leading to three transformations The example was originally considered by Graves-Morris, Hughes-Jones and Makinson [5] , who used the generalized form of Chisholm's approximants mentioned in Section 2. Levin [6] has considered the same example using his two-dimensional generalization (2.4) of Shanks' e-transformation [8] . 
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License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Table 5 We have calculated the coefficients of (5.1) by the first procedure suggested in [5] . Reference results for the Beta function have been calculated using (5.3).
In Table 5 .1 we compare transformations which require the same number of linear equations to be solved. Table 5 The values of the S[m, k] transformations are not included because they, in most cases, lead to poorer results than the other transformations, and fM/N is not included since it is known to converge slower than [n; m/k]r [6] . The considered approximants contain one-dimensional sums, and their accuracy therefore depends both on the order of transformation and of the accuracy by which the one-dimensional sums are calculated. This complicates the comparison, and we have therefore calculated the approximants with very accurate one-dimensional sums. In Table 5 .1 the S'[n; m, k] transformation, in most cases, gives the most accurate results, and in Table 5 .2 L[n; m, k] is the most accurate. The S[m, k] transformation does not require calculation of infinite one-dimensional series and is therefore efficient when the series is slowly convergent such that these calculations use a large number of series terms. This is illustrated by a numerical example.
Future efforts could be devoted to the invention of recursive algorithms for computation of A7-dimensional series transformations. For one-dimensional series such algorithms exist for computation of Shanks' e-transformation [10] and Levin's transformations [7] .
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